The entanglement between SU (2) ⊗ SU (2) internal degrees of freedom of parity and helicity for reflected and transmitted waves of Dirac-like particles scattered by a potential step along an arbitrary direction on the x − y plane is quantified. Diffusion (E ≥ V ) and Klein zone (V ≥ E) energy regimes are considered. It has been shown that, for SU (2) ⊗ SU (2) polarized structures of helicity eigenstates impinging the barrier, the local interaction with a step potential destroys the parity-spin separability. The framework presented here can be straightforwardly translated into a useful theoretical tool for obtaining the spin-spin entanglement in the context of enlarged scenarios of nonrelativistic 2D systems, as for instance those for describing single layer graphene, or even single trapped ions with Dirac bi-spinor mathematical structure.
I. INTRODUCTION
The growing interest in mapping controllable physical systems onto the bi-spinor structure of the relativistic Dirac equation [1] [2] [3] [4] has been recently translated into a useful theoretical tool for investigating nonrelativistic two-dimensional (2D) systems of utmost scientific appeal [5] [6] [7] . For instance, the low-energy excitations of a nonrelativistic electrons in the single layer graphene are known for exhibiting a massless Weyl spinor structure often related to 2D Dirac equation solutions. Likewise, on the frontier of the relativistic quantum mechanics connections to the solid state physics, the blackhole-like properties in Bose-Einstein condensates [8] , the simulation of Unruh effect in trapped ions [9] , the trembling motion and the Klein's paradox for massive fermions in 2D systems [10] have all been currently investigated in both theoretical and experimental scopes.
On the other hand, quantum information and special relativity have composed the intermediate framework for identifying the entanglement/separability information content of Dirac bi-spinors, even if the Lorentz symmetry is assumed [11] . A recent assertive result [12, 13] establishes that the SU (2) ⊗ SU (2) group structure of Dirac bi-spinors are assigned to a Dirac Hamiltonian written in terms of the direct product of two-qubit operators,
2 , from which the free particle solutions of the Dirac equation are given in terms of SU (2) ⊗ SU (2) parity-spin entangled states written as |Ψ s ( p, t) = e i(−1) s Ep t |ψ s ( p) = e i(−1) s Ep t N s (p)
where s = 0 and 1 stand respectively for negative and positive frequencies, and p = pp witĥ p as a unitary vector. The spinor described by u( p) in the momentum representation is related to the spatial motion of the respective Dirac solution, which is coupled to its spin and describes a structureless magnetic dipole moment [13] . For the first qubit, the kets, |+ and |− , are categorized as the mutually orthogonal intrinsic parity eigenstates of the spinorial particle, and the corresponding total inner product set as |Ψ s ( p, t)| 2 = |u( p)| 2 is supported by a normalization factor given by
Such a state vector Dirac solution, Ψ s ( p, t) is also used to be written as the sum of two bi-spinor structures in the momentum representation given by
for which, a most complete description of its intrinsic quantum correlation properties are given in Ref. [13] . Its corresponding explicit parity-spin entanglement structure can be straightforwardly extended to simulate all the above preliminarily mentioned physical systems since their similar Dirac bi-spinor structures may exhibit some analogous spin-spin entanglement, or even additional quantum correlations.
Quantifying the entanglement becomes more interesting whether one considers that the simplest and mostly known scheme for introducing external interaction elements is the step potential barrier problem. Even locally, it may affect the dynamical evolution of any Dirac bi-spinor structure. As it shall be shown, for SU (2)⊗SU (2) structures prepared as separable helicity eigenstates, the local interaction with a step potential barrier destroys the parityspin separability such that the induced entanglement of scattered states can be exactly quantified.
Some preliminary issues have already investigated the relativistic linear transmission [14] [15] [16] [17] and the phenomena of planar diffusion of Dirac particles [18] [19] [20] through and above potential barriers and steps. In particular, the effects of relative phases between incoming and reflected or transmitted amplitude components of diffused waves have been accurately quantified [14, 21, 22] . Once that the Dirac equation solutions can be interpreted as twoqubit states -one associated to the intrinsic parity and another to the helicity quantum number -the projection of particle's spin on its momentum direction -the corresponding parity-spin entanglement associated to reflected and transmitted waves along the potential barrier can be systematically quantified.
Our aim is, therefore, to quantify the entanglement between intrinsic parity and helicity for reflected and transmitted waves of Dirac particles scattered by a potential step-barrier.
The impinging particles are assumed to move along a collinear arbitrary direction on the x − y plane. Given that incident waves can be prepared as separable quantum superpositions of positive and negative helicity eigenstates, the parity-spin entanglement for reflected and transmitted bi-spinors shall be determined through the corresponding entanglement quantifier. In case of pure states, it is computed through the von-Neumann (vN) quantum entropy which is driven by the x − y incidence angle, θ, and by the relative phase between the incident amplitudes.
The paper is organized as follows. In Sec. II, the Dirac solutions for the step potential barrier problem in diffusion and Klein (paradox) regimes are obtained, with the corresponding amplitudes of probability for reflected and transmitted waves given in terms of incidence and transmission angles, θ and θ . In Sec. III, the parity-spin entanglement for reflected and transmitted waves described as pure states is computed in terms of the vN quantum entropy. The transition between scattering (diffusion and Klein zone [23, 24] ) and barrier penetration regimes is identified by the entanglement profile, as well as through the profile of the averaged chirality of transmitted and reflected waves. The relativistic limits are obtained, and the possibility of including phase differences between helicity degrees of freedom (DoF) is also investigated. Our concluding remarks are given in Sec. IV, where lessons concerning the extension of our results to Dirac-like systems exhibiting spin-spin analogous to parity-spin entanglement are drawn.
II. DIRAC SOLUTIONS FOR THE STEP POTENTIAL BARRIER
The Dirac Hamiltonian for a free bi-spinor structure physically realized by, for instance, an electron, is given by
with the 4 × 4 matrices α ≡ {α x , α y , α z } and β satisfying the algebra relations,
In the Pauli-Dirac representation the matrices α and β are written in terms of tensor products of Pauli matrices acting on two subspaces labeled 1 and 2 as
such that one could interpret the solutions of Dirac equation as a state of two-qubits carried by a massive particle whose dynamical evolution is set up by the Hamiltonian Eq. (3) [12, 25] .
Noticing that all the calculations for the step barrier scattering problem (which includes the particle's diffusion and the Klein zone regimes) can be carried out in the momentum space, the positive energy plane wave solutions of Dirac equation, |ψ ± , obtained from (1), can be simply described as eigenstates of the helicity operator h = Σ · p/p [23] , with eigenvalues ±1, given by
with
and where the kets |1 and |0 carry the intrinsic parity quantum number, as to have P |p = (−1) p |p , with p = 1 and 0 respectively for odd and even intrinsic parity, and the kets |h ± are given in terms of σ (2) z eigenstates |± through relation (7) . Considering that interactions with electromagnetic fields could be included in the Dirac equation, the presence of an electrostatic constant potential leads to the non-covariant form of the Dirac equation as [23] 
from which stationary solutions of H D ψ = (E −V )ψ, as well as their corresponding bi-spinor structure, could be straightforwardly obtained through the substitutions E → E − V and
For the potential step,
the solution is separated into two spatial regions as depicted in Fig. 1 : for x < 0, one has the solution composed by incoming and reflected waves, and for x > 0, one has only the transmitted wave.
Relative to the notation, the momenta are set as
for the incoming wave and, respectively, as
for reflected and transmitted waves, with
and θ
parameterizing the x − y angle of the transmitted wave.
Denoting the amplitudes by I ± , for the incoming plane waves with helicity eigenvalues corresponding to h = ± 1, and by R ± and T ± , respectively, for reflected and transmitted plane waves also with h = ± 1, the bi-spinor structure of the corresponding Dirac plane wave solutions can be written in terms of
The discontinuity of the potential along the x-axis implies that q sin θ = p sin θ such that the transmission angle can be implicitly written as the relativistic Snell's law,
where µ = m/E, ν = V 0 /E, and 0 < θ < π/2. At first glance, one could separate the incident energy zones into two pieces, one for ν ≤ 1, which corresponds to the particle's diffusion regime, and another for ν > 1, which corresponds to the Klein zone regime. However, if one considers that the transmitted waves could exhibit oscillatory and evanescent behaviors, it would be more convenient to divide the problem into three energy zones depending on the values of the parameters µ and ν. In region B above the barrier, the transmitted bi-spinor wave, ψ T , is oscillatory if
or evanescent if
which can also be separated into two pieces, ν ≤ 1 and ν > 1, as mentioned above.
The Klein zone exhibits the Klein paradox [24] in which the reflection probability is larger than the incidence probability. Such an excess of particle number is compensated by the production of an antiparticle number by the transmitted wave at the step potential [26, 27] .
The oscillatory behavior of the transmitted wave for both particle's diffusion and Klein zone regimes occurs for incidence angles such that
For angles θ > θ c , the transmitted wave is suppressed by an evanescent behavior as to have θ c analogous to the critical angle of the Snell's law.
Once the optical parameters are established, the complete solutions given in terms of Dirac bi-spinor components, ψ I , ψ R and ψ T from Eqs. (13), are resumed by
for region A, and
for region B, satisfying the boundary (continuity) condition set as
which implies that,
The explicit expressions for R ± and T ± can be computed through
with A written in terms of
where the + sign in the denominator corresponds to the results for the diffusion zone, and the − sign to the results for to the Klein zone. The results from Eqs. (22a-22d) and (23) have been manipulated for (oscillatory and evanescent tunneling) diffusion zone(s). By changing 1 − ν into ν − 1, one straightforwardly obtains the corresponding results for the (oscillatory and evanescent) Klein zone(s). For a normalized incoming wave, one notices that |I + | 2 + |I − | 2 = 1, and that the probability conservation yields
where v q,x and v p,x are the x component of the particle velocities, i. e.
For sin 
III. ENTANGLEMENT BETWEEN HELICITY AND INTRINSIC PARITY
The Kronecker product structure of solution (6) allows one to interpret Dirac quantum states as describing a composed quantum system having two internal DoF: one associated to the intrinsic parity, P , and another associated to the helicity quantum number, h. The entanglement between these two DoF corresponds to a quantum correlation that measures the separability between spin and intrinsic parity subsystems -if such Dirac bi-spinor structure is not separable, it is due to the parity-spin (P − h) entanglement [28] .
The density matrix associated to each one of the states α = I, R or T can be written as
with the bi-spinor structure of I, R and T waves summarized by
such that, (29) where
and
with ν constrained to values given in terms of sin θ c and µ through Eq. (18).
As mentioned above, the state ρ α describes a composed system of two DoF in the composite Hilbert space H = H P ⊗ H h , for which the trace of (27) is computed through
and from which one notices that ρ R and ρ T are not normalized and satisfy the relation
Entanglement shall be given in terms of the functionals of the normalized density operator
The probability of measuring odd and even parity projections from the state (34), P α,1 and P α,0 , are calculated through
where ρ
] is the density matrix reduced to parity space. Probabilities (35) depend only on the parameters µ and ν as through Eq. (31), and are not affected by the incidence angle, θ, in the barrier diffusion process. By the way, the average parity is
with P = Diag{+1, +1, −1, −1} the parity operator. As the previous probabilities, the mean parity does not depend on the details of the scattering process, namely on θ or θ .
As ρ N α is a pure state, it only admits a unique Schmidt decomposition that is given in terms of the basis vectors of each Hilbert space [29] , H P , for parity, and H h , for helicity, and of the Schmidt coefficients of the pure state decomposition. If it exhibits some level of entanglement between P and h DoF, then the reduced density matrix of both of them, either ρ p and ρ h results into mixed states. One infers that a pure state is entangled if the two of its reduced systems are mixed. The entropy of entanglement between two subsystems that compose the state ρ 
The entropy of entanglement is therefore given by Finally, these results can also be extended to the discussion of statistical mixtures as
for which, the entanglement could be computed either in terms of concurrence [30] or in terms of logarithmic negativity [31] . Our preliminary calculations have revealed that, for maximally mixed incident states (I + = I − = 1/2), the entanglement for both incident and reflected states cancels off and vanishes.
A. Correspondence to the averaged chirality
For completeness, the chiral profile of the Dirac bi-spinors can be identified through the averaged value of the chiral operator, γ 5 , with γ 5 written in the two qubit SU (2) ⊗ SU (2) representation as γ 5 ≡ σ
(1)
2 . Explicit calculations yields
for the incident wave and
for reflected and transmitted waves, with + and − signs in the expression for γ
5
T corresponding to diffusion and Klein zones. Fig. 4 shows the behavior of γ 5 R,T as function of sin θ for the same parameters of Fig. 2. From Fig. 2 , one can identify a very nice qualitative correspondence between the averaged chirality and the vN quantum entropy from Fig. 3: the results for reflected waves in the oscillatory regime do not depend on the choice of the critical angle, θ c , in the sense that the plots are all coincident; the transition to the barrier penetration (evanescent) behavior is accurately quantified by θ = θ c ; at least qualitatively, in both diffusion and Klein zone regimes, the plots indicate the possibility of there being some (quantum) correlation between γ 5 R,T and S R,T .
B. Extremal points of the entanglement
In the diffusion and Klein zones, it is possible to analytically compute the extremal points that maximize and minimize the entanglement for the reflected states. The extremal points satisfy the condition given by
which implies that ∂ ∂θ
If I ± is real, the above equation has two solutions sin θ
The corresponding eigenvalues of ρ R,P read
from which the entropy of entanglement is calculated through (38). In spite of not obtaining analytical expressions for the extremal points of the transmitted wave entanglement, one can identify the extremal points for the quantum entropy from the plots depicted in Fig. 3 .
C. Relativistic and non-relativistic limits
The ultra-relativistic limit of the above obtained results are computed through the limit of µ → 0, for which one has
which indicates that, in the massless limit, the entanglement for reflected and transmitted states does not depend anymore on the incidence angle, θ, and equals to the entanglement for the incident state.
Otherwise, the non-relativistic limit given by µ → 1 leads to
as well as κ
λ +,R = 1, λ −,R = 0 and the parity-spin entanglement is null for all incident, reflected and transmitted waves.
D. Introducing phase differences
Relative phases can be relevant in a large set of quantum mechanical experiments, for instance, in the context of optical interference phenomena, such as in the double slit experiments which include a transparent plate before one of the slits [32] . For the coefficients I ± described by complex amplitudes, one may write
such that the relative phase of interest is written as ∆ω = ω + − ω − . This phase has no effect over In particular, for a maximal superposition between positive and negative helicities obtained by setting |I + | = |I − | = 1/ √ 2 (c. f. Fig. 5 ), the minimal point for the quantum entropy in the diffusion zone can be analytically computed for any phase difference, as it occurs at
i. e. the same minimal point found in (27) .
Finally, all the above results for the quantum entropies computed from Dirac bi-spinor (50)), and the entanglement for the antiparticle state is the same as that for the particle state, with opposite phase differences. For ∆ω = 0 the results are equalized.
IV. CONCLUSIONS
In this work, the entanglement between helicity and intrinsic parity for 2D projections of Turning our conclusions to a phenomenological view, some recent issues have considered the trapped-ion physics [33, 34] as a flexible platform to map several suitable effects in relativistic Dirac quantum mechanics. Therefore, the planar diffusion and the 2D scattering of SU (2) ⊗ SU (2) bi-spinor structures may also become a useful tool for quantifying elementary quantum correlations between such relative compounding spinor substructures, or even between two arbitrary Dirac particle subsystems. In particular, it has been shown that the 2D relativistic scattering for x-dependent potentials may exhibit some kind of entanglement between transmitted and reflected wave packets and the transverse momentum [33] , which could also be quantified through the systematic procedure described in this paper.
Our final conclusion is that the framework presented here can be straightforwardly manipulated to compute spin-spin entanglement of nonrelativistic 2D systems, in particular, either for electron-electron or electron-hole pairs in the single layer graphene or, for instance, for single trapped-ions supported by a Dirac bi-spinor dynamics, which indeed deserve a deeper investigation. 
